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,  I.  INTRODUCTION 

\ 

A  recent  problem  for  which  a  solution  was  requested  was  that  of  the 
bending  stresses  in  a  thick-walled  tube  under  internal  pressure,  restrained 
by  heavy  integral  flanges  at  its  ends  and  closed  by  end  plates. |see -FigUVC  *f. 

The  arrangement  of  bolts  and  the  end -plate  configuration  were  such  that  the 
flanges  could  rotate  without  restraint  from  th*  end  plates.  Although  the 
radius -thickness  ratio  of  the  tube  was  so  sm#ll  that  shell  theory  was  almost 
certainly  invalid,  it  was  felt  that,  in  the  absence  of  a  more  acceptable  theory, 
the  inclusion  of  shear  deformation  terms  in  the  cylindrical  shell  &nd  flange 
equations  would  yield  some  useful  results.  The  derivation  of  the  equations 
used  in  the  investigation  is  reported  as  well  as  an  illustrative 

ovimni,  it  iu  :ni»rrnHn<>  tn  note  that  Ifnr  this  examnlel  shear  deformations  . 

- « -  -  --  . . •  . .  *  '  cjr 

were  relatively  unimportant;  the  calculated  moment  increased ^about  eight  <& 
above  that  calculated  from  the  equations  neglecting  shear  deforma- 
tionSjdue  to  weakening  of  the  flange  relative  to  the  cylinder. 
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11.  SYMBOLS 


a  half -width  of  flange 

D  bending  stiffness  of  cylinder  walla 


EO 


T 


12  (1  -  v  )  . 

bending  stiffness  of  flange  considered  as  a  flat  plate 


shear  stiffness  of  cylinder  walls 


fn  5  Et 

Pa’ STITTS 

*  ••  t 


[“•■iSSr] 


(reference  Z) 


shear  stiffness  of  flange  considered  as  a  flat  plate  [V  '  ’T^rj 


“e 


outer  radius  of  flangs 


Young’s  modulus  of  cylinder  and  flange  material 

radial  distance  from  middle  /urface  of  cylinder  wall  to  circle  of  bolt* 
hole  centers 

stiffness  defining  mean  radial  displacement  through  the  thickness  of 
flange,  due  to  shear  force  transferred  from  cylinder 

stiffness  defining  rotation  of  inner  surface  of  flange  at  radius 
corresponding  to  cylinder  middle  surface,  due  to  bending  moment 
transferred  from  cylinder 

stiffness  defining  radial  displacement  of  flange  Inner  surface  at 
radius  corresponding  to  cylinder  middle  surface,  due  to  bending 
moment  transferred  from  cylinder 

stiffness  defining  rotation  of  flange  inner  surface  at  radius 
corresponding  to  cylinder  middle  surface,  due  to  shear  force 
transferred  from  cylinder 

stiffness  defining  radial  displacement  of  flange  inner  surface  at 
radius  corresponding  to  cylinder  middle  surface,  due  to  shear 
force  transferred  from  cylinder 

axial  moment  per  unit  middle  surface  perimeter  of  cylinder 


circumferential  moment  per  unit  length  of  cylinder 

axial  tensile  force  per  Unit  middle  surfafce  perimeter  of  cylinder 


circumferential  force  per  unit  length  of  cylinder  |~N#  * 


p  applied  Internal  pressure 

Q  shear  force  per  unit  middle  surface  perimeter  of  cylinder 
R  mean  radius  of  cylinder  wall 
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w 


W. 


X 

6c 

•♦a 

♦c 


cylinder  wall  thickness 

inward  radial  deflection  due  to  bending  of  cylinder  middle  surface 

inward  average  radial  deflection  of  flange  at  section  corresponding 
to  cylinder  middle  surface,  due  to  shear  force  transferred  from 

(  Qr  \ 
cylinder  KvR  « 

axial  distance  along  cylinder 

outward  radial  expansion  of  middle  surface  of  cylinder,  due  to  internal 
pressure  p 

outward  radial  expansion  of  flange  at  radius  corresponding  to  middle 
surface  ol  cylinder,  due  to  pressure  p 

N'DQ 

rotation  of  flange  inner  surface  at  radius  corresponding  to  middle 
surface  of  cylinder,  due  to  boll  moment  per  unit  perimeter,  Nh 

additional  outward  radial  deflection  of  flange  inner  surface,  due  to 
bending  bybolt  moment,  at  radius  corresponding  to  middle  surface 
of  cylinder 


(dw( 

♦c  “  "a* 


"c 


roUtion  of  flange  inner  surface  at  radius  corresponding  to  middle 
surface  of  cylinder,  due  to  moment  and  shear  force  transferred 

Mx  Q  a  ' 

from  cylinder  |aR 


X 


:  a 
) 


additional  outward  radial  defiei  tion  of  flange  inner  surface  at  radius 
corresponding  to  cylinder  middle  surfat  e,  due  to  bending  and  shear 
lag  by  moment  and  shear  force  transfer  ted  from  cylinder 


M  Cl  a  *\ 
.  .  _ 1  _  x  \ 

R  K2-  K- ) 


DEt 

<RD? 
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ill.  THEORY 


The  equations  for  the  axis  ynwjietrfc  bending  of  a  cylinder,  with  shear 
deformations  included,  are  given  by  (reference  1) 


Q*~~£r 


*  o 


dQ  d2w 

“a *'  Tfw-^r 


,  .2 

&  W 


*  —  D 


.  dx 


r~Br 


i 

i  d£0i 

o^j 


Etw, 


N0  - 


(U) 

(lb) 

(lc) 

(ld) 


When  we  combine  Eq.  (1),  w«  obtain  the  following  equations  for  wc  alone 

and  for  and  Mx  in  terms  of 


d4w,  D-  d2w  [ D  2>\ 

(1  *i\)  —r.  -  -re*  (<J»  +*1  )  - T  +  \~jr)  * 

dx  dx 

Do[(l  + 


w  2  0 
c 


B 

i*  bt  "tt*  _  +*ar 

Q  dx 


d2w 


M. 


-Do  ^  'S' 


(2a) 


(2b) 


(2c) 


Equation  (2a)  may  be  solved  to  yield 

WC  *  Ai  >[-$■  Xlx)  +  A2  exp  (  “  \ x) 


f  (dI  \  (  Fq  } 

+  A^expUJ-^.  X2 xj  +A4exp^-y-|3- 


(3a) 
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*jvh  ere 


_  \  /»!*  ♦  T| jfe  \/{4»- ti)^ 4  + 

XzV —  r^miy - 


(3b) 


from  which  we  obtain  . 


M 


-  Dq  \J5  [x»  l”  f  i*  ki -  *]  [*, ,Jip  ('It  h*}~  K:>.  '*p  ir'J-S'  xi’l 

♦  h  [o  *ni  *.*-  +]  MS  Vr  *♦“*  (“  '5  V’l}  ,4’ 

.-DQf[(i  ^U,2-*]  (j^ ».,*)*  Aj.xt 

♦  (jl  *n)n22-t]  jv*f(\5lzx)+ V**  (-'15  v)j}  141 


We  Stall  now  assume  that  the  cylinder  i«  ®o  long  that  what  happen*  at  on* 
•ad  will  not  affect  tha  other.  W«  the  *  put 


Aj  *  Aj  ■  0 


(5) 


Tha  remaining  constants  A?  and  A4  are  determined  by  the  condition®  obtained 
fcy  matching  cylinder  snd  flange  deflections  and  rotation®  at  »  point  correspond¬ 
ing  to  the  cylinder  middle  surface  (aee  Pignre  2) 

‘c -»«*  5R 4 ‘*>V  ♦«'  V*R  ) 


at  y  •  0  • 


(6a) 


or 

.  w  -Q  f-i.  .  .  6 

•  *1*1  sj  ** 


at  a  ■  0  . 


(6b) 
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Substitution  of  £q».  <3).  (4)  tnd  (4)  into  Kq,  (6b)  then  yield© 


■•P-  * 


f.  it:  *v\.  . Kir.. „ 


X  +L£  +-(I4,ix221|a4 


s_(Ti+i^  x,  hi^)s2  ►  ^ 

[v  *3/  1*2  JL  JJ  * 

♦ta-  *■“  *',n‘  *,<s|?4r  ■  l7M 


which  may  be  ©olved  to  give  tod  ft© 


^  =  ‘Va-* r‘*> 


-  1  + 


Is 


V  ir2"Tjnsi  i 


.  __jjr  "  «j! 

k..  !fi  +  — aj 
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wh  n 


/  .0 


. :  i  |i *  — ■ 

V  *i 


♦  <i  ♦’il 


DDo  t  , 


151  ** 


ri,!1  s) 

t  |R  7",  ix  ♦  w 
P"  *,•  >  J  '  2 


aDo  r  t— — —  *®oi 

♦  — 5  J4.11  *n)  - 

We  may  now  find  the  end  moment  from  Eq.  (4b)  as 


(&c) 


M.  -  0Q  |[+ -<)*»>  A2>  [<V-(l4q>v/]  A4j 

^"♦(1+iU-  ,6e“*R"  R  #i~  [l 


11  ♦n)(Xl*x^) 


+  4* 


<9*1 


The  end  ehear  is  given  similarly  by 

I  r*  - -  1 


DD  r— 

^  +vr^’<V|  tKz> 


<•<-•*-  ♦*'  *' 


Do 

TT 


(9b) 


It  should  be  noted  that  the  form  of  Xj  ♦  depends  on  whether  or  not 

(4  -  r|)2  -  4»|i  >  0  t 

il  it  is  not  Kj  and  are  conjugate  complex  numbers.  If 


GM-TR 
P.i S'-  3 


Whfr.  Dq  bftcomee  infinite  tvs  have 


(10a) 


(!0b) 


(M  : K  2&2 
V  .:r  ■* 


ir  wm:  be  noted  that  to  determine  tut  Junction  bending  moment  and  shear, 
u,  .  d  ■  Aluea  of  the  Initial  deflections  and  rotations  6e<  6p.  ♦R‘  am-': 

*1 aae*  T^.  T^.  K^\  Kj*.  1  he  deflection#  6^  *nd  SR  are  readily 

obtained  by  elasticity  theory  (reference  J)  a* 


The  rotations  #R  and  $R’  are  derived  lti  Appendix  A  to  he  ap5»Mttmat#Iy 


[rfr 


h 

r 


♦r> 


(ij*> 


aS. 


T5 


(HbV 


Tht*  8’iUneas  JTj  ie  ascertained  approximately  by  a*Ruimn^the  ehear  force 
0  to  he  equivalent  to  a  pressure  uniformly  distributed  over  the  flange 
thi<  snet,.-,  at  a  section  c  or  responding  U»  the  middle  surface  of  the  i  yTiadri 
a nd  the  flange  to  extend  only  to  this  section.  Then. from  reference  1  we  have 


K 


ZaE 

i s  nr 


*.  .  ,s,;me  the  moment  and  shear  force  transmitted  to  the  flange  to  be 

a, <  i,i  to  a  single  moment  applied  at  the  section  corresponding  to  the 


(14) 


CM- Til  2bS 
P. ir»*  iJ 

middle  surface  of  the  cylinder  and  the  flange  extend  only  to  this  Surface, 
then  elementary  plate  theory  yield# 


.... hich  is  identical  with  that  obtained  from  reference  4,  If  test  data  or  more 
arc  irate  theoretical  value*  of  the  deflection#,  rotation*,  and  stiffnesses  are 
bioAii,  these  may,  of  course,  be  us**«5  in  place  ol  the  approximations  given 


above . 
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IV.  ILLUSTRATIVE  EXAMPLE 

Let  us  consider  a  flanged  cylinder  with  the  following  dimensions  and  other 

pertinent  properties; 

R  s  2.094  in. 
t  =  1,  188  in. 
h  =2.106  m. 
ci  -  5.  560  in. 

2a  =  2.250  m. 

E  =  30  x  10b  psi 
v  -  0.  3 

j-  -  60,000  psi.  • 

We  have 

D  *  4.61  x  106  lb-in. 

LV  «  11 ,42  x  106  lb/in. 

Q 

N  -  32,226  lb/  in. 

*  «  0.287 

rj  *  0,00282 

ty-r,)2  _  4  ip  *  -1.067  21  0 

\  +  X.  ■  1 .166 
I  <6 

6  =  5.042  x  10  3  in. 

c 

6D  -  3.24  1  x  10  '  in. 

JK 

g>?  6  7  404  X  10"  i 
V  =  5.914  x  IQ’3 

FT,  *  19.77  x  i0*  psi 
1 

"KT^  -  TTj  -  Ky  =  IT,  =  8.34  X  106  lb 
and  with  these  quantities,  from  Eqs.  (8c)  and  (9) 

M  1  =  -18.64  x  10^  lb  in. /in. 

x| 

'x=o 


,  ]>u 


a. 


■-'wii'jfi 


h  . 


12. 


193 


.H-m  sling  to  note  that  if  #h«-  deformations  had  h.-on  t  »«)  vc  toil 

tin.  . 

♦  R  -  *R  MM* 

vi.  .•  u\  l  r  jm  Et| .  (11), 

M  I  -  -17. 17  x  10  5  lb-in.  /in. 
x  x  -  v 

^;,,rh  is  less  than  the  moment  obtained  by  including  shear  deformation*.  If 
shear  deformation*  in  the  flange  had  been  neglected,  we  would  have 

M  i  » -15.53  x  10*  lb-in. /m. 
xlx=o 

W<*  tan  then  conclude  that  the  increase  in  moment  predicted  by  the  inclusion 
Of  sh.ea r  deformation*  1*  due  to  a  weakening  o'  the  flange  with  respect  to  the 
cylinder.  with  the  re*ult  that  a  laiger  pror  ,rticn  of  the  bolt  moment  is 
Wnusrnitu-d  to  the  cylinder. 

F*or  a  cylinder  rigidly  aup^»orte'i  agatrat  rotation  and  deflection,  tha,  is 

»R  *  ‘R  '»  ♦»' ■'  ° 

Kj  »  Kj  ■  Kj  =  Kj*  -  Kj*  ■  oo 


M 


Vc 

x-o  ! 

a.  lO.Qb  x  10^  lb-m.  /in. 
30. b  j  x  10  *  lb-in.  / in. 


with  shear  deformation* 

with  Dq  =  CD  , 


thus  indicating  that  for  *ome  cases  the  effect  of  shear  deformation*  tan  be 


SIC  I.  ll  u  a  1.1  . 
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APPENDIX  A 

DETERMINATION  OF  THE  FLANGE  ROTATION  <>R  AND  DEFLECTION  a<?R' 

As  an  approximation,  we  shall  -on eider  the  flange  to  extend  only  to  the 
middle  surface  of  the  cylinder  and  all  reactions  to  be  applied  there.  It  seems 
unreasonable,  in  view  oi  ail  M  the  approximations  of  the  present,  analysis,  to 
attempt  to  consider  a  more  complex  loading  arrangement.  For  the  determination 
of  the  rotation  9R  and  the  deflection  4>R'a,  we  thus  have  a  circular  plate  of 
outer  radius  d  loaded  by  a  uniform  line  load  along  the  radius  r  =  R  +  h  and 
reacted  at  the  inner  radius  R.  The  following  equations,  neglecting  the  effect  of 


the  internal  pressure  p  and  shear  force 
satisfied  (references  1,5): 


on  bending,  must  then  be 


x=o 


n§.  5_dr  ♦i-BT’ 


(Ala) 


(All>) 


(Ale) 


who  re 


i  -  1,  R  +  j  r  <  R  +  h; 


Is  2,  R  +  h  c  r  ^  iii 
dw 

1 

ST  ’ 


4>. 


and 


Q  =  -  K  - 

ri 


(AJui 


=  0 


( AJb ) 


boundarv  conditions  to  be  satisfied  are 


M  =0 
rl 


itrsR 


♦  i  «  .  Mr.  3  Mr  ,  at  r  =  R  +  h 


i  *- 


M  =0 
r2 


at  r  ■  4 


TK  2S l 


n"is(Al)  may  be  combined  to  yield 


*114  r  L 
37  7  37  r  r 

v. 


Qr  Al  °r, 

‘~<)jrx 


ami  solved  to  obtain 


r  A  „  R  x  N  Rv'  r  -i  f  r 

♦i s  Ai  jt  +  Di  t  +  rrn^r  Mir, 


(A4a) 


A  r  *■  R  R 

♦2  =  A2  IT  ®2  T 


( A4b) 


N  N 

(l+v)A1-(l-v)B,  t  jjj— -  -  (1  -  v  )  15^  “  0 


(A6a) 


A,  -  Ai  +  -  1  — \  +  j£-  In  ‘  *  +  JC]  =  ° 

(>•*) 


(i  t  v)(Aj  -  Az)  - 


(i - PMB.  -  b,i  nr2  r  h  ;i 

-■  ,  V-  ♦ 


K) 


-U-v)  „ 


KT 


( AGb) 


id  A,  -  ( 1  -  v) 


(Add) 


l.M-  i  K  383 
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whii  h  may  h«;  solved  for  Aj  and  Bj  to  yield 


B 


NR' 


1  'T7 


4  D 


-  1 


fd\2  A  h  \2  ,  1  +  /d\2,  ,  h 

ar)  '  *  ir)  - 2  (it)  i“‘  tr> 

iK » 


R^D. 


■ra 


7  " 


a.  =  -r-i—  r*1 

!  1  *  v 


(1  -V)(Bj  + 


N  A  NR2 


(A7a) 


( A  7 1  /  i 


’.V*-  now  nave 

*R  ’  ‘  * 

N  R* 


r 

^lr  =  R  (A1  *  Bl>  ■  ~TTr^l+(1“v)ZE^ 


N  R 
4D 


L 

R 


,  r  ,  v2 

NR‘  1  |  1  h  ,,  .  n  „  ,  2 

.  =  tdt  —z —  \mr  tt(2  +  it)  +rr-r  [*)  to(I  +tt) 

R  r  ->  L 


2D«  (*-) 

7 - 


~k  D 


J&2. 


1 


’  h 

\TT 


(A8) 


I'he  lust  part  of  Eq.  (A8)  is  identical  with  that  given  in  reference  4  ,  except 
that  Pots  sc*"  a  ratio  v  equal  to  1/4  nas  been  used  m  reference  4  .  The 
second  part  of  Eq.  (A8),  the  terms  multiplied  by  fy-  ,  ia  the  rotation  due  to 

shear  deformations.  The  deflection  $R'  a  is  given,  v/V.hir.  the  Irsmework  of 
plate  theory  in  which  straight  lines  normal  to  the  middie  surface  of  the 
undeformed  plate  remain  straight,  by 


(  N  A 

♦r*  =  (♦r-TtH  *  • 


Or.  l 
n.  / 


(A9) 
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Figure 


Cross  Section  of  Flanged  Pipe  Showing 
Loads  and  Pertinent  Dimension* 
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i 
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(a)  Deformations  due  to  internal  pressure 


(b)  Deformations  due  to  bolt  moment 


(c)  Deformations  due  to  bending  moment  and  shear  force 


Figure  Z.  Deformations  of  Cylinder  and  Flange 
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